The effects on CMB power spectra and bispectra from the polarization
  rotation and its correlations with temperature and E-polarization by Zhai, Hua et al.
The effects on CMB power spectra and bispectra from the polarization rotation and
its correlations with temperature and E-polarization
Hua Zhai1,2, Si-Yu Li3, Mingzhe Li4,5, Hong Li3, and Xinmin Zhang1,2
1Theoretical Physics Division, Institute of High Energy Physics (IHEP),
Chinese Academy of Sciences, 19B Yuquan Road, Shijingshan District, Beijing 100049, China
2University of Chinese Academy of Sciences, Beijing, China
3Key Laboratory of Particle Astrophysics, Institute of High Energy Physics (IHEP),
Chinese Academy of Sciences, 19B Yuquan Road, Shijingshan District, Beijing 100049, China
4Interdisciplinary Center for Theoretical Study, University of Science and Technology of China, Hefei, Anhui 230026, China and
5Peng Huanwu Center for Fundamental Theory, Hefei, Anhui 230026, China
The Chern-Simons term, through which the cosmic Axion-like field couples to the electromagnetic
field, has the effect to rotate CMB polarization directions and to break the CPT symmetry. This
rotation will change the CMB power spectra, no matter isotropic or anisotropic the rotation angle is.
In this paper we revisit this issue by further considering the correlations between the (anisotropic)
rotation angle α and the CMB temperature and (unrotated) E polarization fields. These correlations
could be generated in the Axion-like models with nonzero potential under the adiabatic initial
condition. We first investigate how these correlations contribute further modifications to the CMB
power spectra, then calculate the CMB bispectra for the temperature and rotated polarization
fields. These bispectra would vanish if the Tα and Eα correlations are absent. So, they are useful
in searching for CPT violation and the Tα and Eα correlations arisen in the Axion-like models.
I. INTRODUCTION
The Charge-Parity-Time Reversal (CPT) symmetry is exact and occupies a fundamental status in the standard
model of particle physics. Since decades people realized that searching for possible CPT violations is an important
way to test the standard model and a convenient approach to seek the new physics. Up to now, the CPT symmetry
has passed a number of high-precision experimental tests and no definite signal of its violation has been observed in
the laboratory. So, the CPT violation, if exist, should be very small to be amenable to the laboratory experimental
limits.
However, the CPT symmetry could be dynamically broken in the expanding universe. For instances, in Refs.
[1–5], the cosmological CPT violation has been considered to generate the baryon number asymmetry in the early
universe. A notable property of this kind of baryogenesis models is that the CPT violation at present time is too
small to be detected by the laboratory experiments, but was large enough in the early universe to account for the
observed baryon number asymmetry. As shown in Refs. [6–8], such type of CPT violations might be observed by
the cosmological probes. With the accumulation of high-quality observational data, especially those from the cosmic
microwave background (CMB) experiments, cosmological observation becomes a powerful way to test CPT symmetry.
Generally the cosmological CPT violation in the photon sector can be modeled by the coupling between photons
and an external field θ(x) through the Chern-Simons Lagrangian,
Lcs = θ(x)Fµν F˜µν , (1)
where Fµν = ∂µAν − ∂νAµ is the electromagnetic tensor and F˜µν = (1/2)µνρσFρσ is its dual. If θ is a constant, the
Chern-Simons term will have no effect on the dynamics of photons because the Pontryagin density Fµν F˜
µν is a total
derivative and the vacuum here is topological trivial. There are at least two approaches to get θ(x) as a variable.
With the first approach, θ(x) = pµx
µ is constructed by a non-dynamical vector pµ. However when considering the
couplings to gravity, this case is not compatible with general relativity and its covariant extensions [9]. In the second
approach, θ(x) = f(φ(x)),where f(φ(x)) is a general function of a dynamical scalar field φ(x). Such a scalar field
may be the dynamical dark energy [10–12] as in Refs. [1, 2], or Axion-like field, or the curvature of spacetime [3, 4].
During the evolution of the universe, θ(x) is treated as an external field, its evolution or configuration picks up a
preferred frame, so that the Chern-Simons term (1) is not invariant under Lorentz and CPT transformations. The
physical consequence of this CPT violation is to cause the rotations of the polarization directions of photons when
propagating in the space. This holds for both the homogeneous and inhomogeneous universe [13]. In terms of the
Stokes parameters for linear polarized photons, the rotation can be expressed as
Q˜± iU˜ = exp(±i2α)(Q± iU) , (2)
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2where the rotation angle is twice the integral of ∂µθ along the light ray from the source to the observer,
α = 2
∫ o
s
∂µθdx
µ = 2[θ(xo)− θ(xs)] ≡ 2∆θ , (3)
and finally proportional to the change of θ over the photon trajectory. For CMB, the photons we received today came
from last scattering surface (LSS) at which they decoupled with matter. It is convenient for us to set the observer at
the origin point of the coordinate system so that
x0 = (η0,0) , xs = (ηlss,−∆ηn), (4)
where n represents the propagating direction of CMB photon from the point at LSS and finally received by the
observer, ∆η = η0 − ηlss is the conformal time difference. This rotation has the ability to convert part of CMB
E-mode polarization to B-mode polarization, and vice versa. This will change the power spectra of CMB polarization,
especially induce nonzero TB and EB spectra [7, 14]. Such effects offer a way to detect or constrain the rotation
angle, then the CPT-violation signature with CMB data.
The rotation angle α(n) is generally a direction dependent scalar field on 2-d sphere, as shown in Eq. (3). It is
natural to split α(n) into the isotropic and the anisotropic parts α(n) = α¯ + δα(n) as we have usually done in the
cosmological perturbation theory. The isotropic rotation angle, α¯, can be considered as the mean of α(n) over the
sphere. At the leading order, we may only consider the isotropic rotation angle as an approximation. For this case,
the rotated CMB power spectra have simple forms [7]. With WMAP and BOOMERANG (B03) data, Feng et.al [7]
has performed the first measurement on the isotropic rotation angle. Since then, a lot of works have been done in
terms of the observed CMB polarization data along this line. It has been constrained by various collaborations of
CMB surveys, including QUaD [15], WMAP [16], ACTPol [17] and Planck [18], and by combined datasets including
CMB and LSS observations [19–21]. The constraint on α¯ in these works is found to be at the level of one degree. Up
to now the Planck collaboration gave the most stringent limit [18] α¯ = 0.35◦ ± 0.33◦.
A comprehensive study on the Chern-Simons effect should include the spatial dependence or the anisotropies of the
rotation angle [13]. If the anisotropies are random and satisfy the Gaussian statistics, they can be described fully by
an angular power spectrum Cααl . In terms of C
αα
l , Refs. [13, 22] derived the analytic formulae of distortion effects on
CMB power spectra, and then Refs. [22, 23] constrained the anisotropies by global fitting to the combination of CMB
observations. Anisotropic rotation angles are also studied in Refs. [24–26] using the four point correlation function
method. In this way, the constraints on the anisotropies of rotation angle with WMAP-7 [27], POLARBEAR [28],
and BICEP2/Keck Array [29] were obtained. To date the most stringent limit is l(l+ 1)/2piCααl ≤ 0.033 deg2 by the
ACTPol experiment [30]. Unlike the isotropic rotation angle, δα(n) does not predict significant signal on TB and
EB power spectra [31] but both of therm will produce ambiguous BB power spectrum and affect the detection of
primordial gravitational waves. Estimating results of Cααl from the BB power spectrum [22, 31, 32] are consistent
with the results obtained from reconstruction method [27–29].
In previous studies mentioned above, the anisotropic rotation angle δα(n) was assumed to be uncorrelated with
the primordial temperature and polarization fields at LSS. The cross-correlation of the rotation with temperature
was considered in Ref. [33] with the model where the θ(x) field which coupled to the Pontryagin density in the
Chern-Simons Lagrangian (1) is originated from the cosmic Axion-like field with non-vanishing potential,
Lcs = βφ
2M
Fµν F˜µν , and α =
β
M
∆φ , (5)
where M is a mass scale and β is the dimensionless coupling constant. Recently similar Tα correlation was also
considered in Ref. [34] with an early dark energy model which was proposed to resolve the Hubble tension [35]. In
this paper, we will also take the Axion-like field as an example and will take both Tα and Eα cross-correlations into
account. It is not necessary to consider Bα correlation, because δα(n) is a scalar perturbation induced by δφ, in linear
perturbation theory it is expected to be uncorrelated with the primordial B mode polarization which was seeded by
the primordial gravitational waves. We will first investigate how the Tα and Eα cross-correlations change the power
spectra of CMB and then focus on the bispectra of the rotated CMB polarization field.
Nonzero bispectrum or three point correlation function means non-Gaussian statistics. In this paper, we assume
the temperature and the unrotated polarization fields of CMB and the anisotropic rotation angle are all Gaussian
random fields. So the phase factor exp(±2iα) in Eq. 2 has a log-normal distribution. This may cause deviations from
Gaussian distribution for the rotated CMB polarizations. Due to the Tα and Eα correlations, the rotated three point
function of CMB,
〈
a˜X1l1m1 a˜
X2
l2m2
a˜X3l3m3
〉
, is actually the four point correlation function by Xi and exponent function of α,
here at least one Xi is the polarization field. If the unrotated CMB field have nonzero correlations with δα , then the
three point function will be nonzero even if there is no other non-Gaussianity in the unrotated three point correlation
3function,
〈
aX1l1m1a
X2
l2m2
aX3l3m3
〉
. Thus, the bispectra for the rotated CMB polarization field are not only important to
search for the CPT violation, but also essential for the Tα and Eα cross-correlations.
However the unrotated three point function may be nonzero when there are other non-Gaussian sources. Primordial
parity-even bispectra TTT, TTE, TEE,EEE with l1 + l2 + l3 = even configuration are predicted in various inflation
models [36–39] or models alternative to inflation [40, 41]. Parity violation can also arise during inflation in the frame
of primordial gravitational wave [42–44], whereas parity-odd bispectra with l1 + l2 + l3 = odd configuration are
generated for T and E. The primordial bispectra are usually characterized by a non-linear parameter f locNL [37] for
even parity or f tenNL [45–47] for odd parity. In addition, the non-Gaussianity generated by primordial magnetic field
was also studied [48]. Except for the primordial origins, non-Gaussianity may be generated by the late time secondary
effects such as the correlations between the Integrated Sachs-Wolfe effect and weak lensing potential [49]. In addition,
the higher order of cosmological perturbation theory can also give rise to non-Gaussinities [50]. Given these studies,
non-Gaussianity of CMB can be powerful probe for the early universe theories and the later time evolution. To date,
Planck [47] analyzed the non-Gaussianity from CMB temperature and E polarization map and gives a stringent limit
on f locNL = −0.9 ± 5.1 for parity-even bispectra, and on f tenNL = (1 ± 18) × 102 for parity-odd terms. The results
shows no significant non-Gaussianity signatures and thus put strong constraints on various theories. In this paper,
for simplicity we shall not consider the mixture of the polarization rotation effect with these extra sources for the
bispectra of CMB, but will take them as comparisons.
The structure of this paper is organized as follows. In section II we review the Tα and Eα cross power spectra
of CMB produced by the Chern-Simons term associated with the Axion-like field. In section III, we study the
rotated CMB power spectra when CTαl and C
Eα
l are considered and compared with previous results where these cross
correlations were ignored. In section IV we will derive and analyze the bispectra of the rotated CMB fields. We
will point out that the bispectra can only be produced with non-zero CTαl and C
Eα
l . Section V is dedicated to the
conclusion and discussions. Some detailed calculations and mathematical tools can be found in the appendices.
II. ANISOTROPIC ROTATION ANGLES IN CONTEXT OF AXION-LIKE MODEL
In this section, we have a short review of the statistical description of anisotropic polarization rotation angle and
then give the cross correlation of it between CMB in frame of an Axion-like scalar field. Although other scalar models
may also allow nonzero cross correlations, Axion scalar model are more widely used in current dark energy and dark
matters issues.
In the model of Axion-like scalar field coupled to the electromagnetic field through the Chern-Simons term (5), the
rotation angle for CMB polarization direction is
α =
β
M
[φ(x0)− φ(xlss)] . (6)
this angle is induced by a dynamical field and is generally anisotropic because the Axion-like field φ is not homoge-
neously distributed in the universe. As usually done in the cosmological perturbation theory, the rotation angle can
be split into the isotropic part and anisotropic part with zero mean,
α(n) = α¯+ δα(n), 〈δα(n)〉 = 0 . (7)
the isotropic rotation angle corresponds to α¯ = (β/M)[φ¯(η0) − φ¯(ηlss)], determined by the background evolution of
the Axion-like field. The anisotropic rotation angle reads
δα(n) =
β
M
[δφ(η0,x0)− δφ(ηlss,xlss)] . (8)
The first term at the right hand side only contributes an unobservable monopole, so we can neglect it safely. Using
the relation xlss = −∆ηn, we have
δα(n) = − β
M
δφ(ηlss,−∆ηn) , (9)
the anisotropy of the rotation angle directly depends on the distribution of the Axion-like scalar field on the last
scattering surface.
As a scalar on the 2-d sphere, the anisotropic rotation angle is usually expanded by the spherical harmonics,
δα(n) =
∑
lm
αlmYlm(n) . (10)
4The relation (9) implies that [13] ,
αlm = − 1
2pi2
(−i)l β
M
∫
d3kδφ(k, ηlss)jl(k∆η)Y
∗
lm(kˆ), (11)
where δφ(k, ηlss) is the Fourier transform of δφ(ηlss,−∆ηn), jl is the spherical Bessel function and kˆ is unit of of the
vector k in Fourier space.
The perturbation equation for the Axion-like field is
δφ¨+ 2Hδφ˙+ a2V ′′δφ+ k2δφ = φ˙(3Φ˙ + Ψ˙)− 2a2V ′Ψ , (12)
in the conformal-Newtonian gauge, where dot means derivative with respect to the conformal time, prime means
derivative of the potential to the scalar field, H = a˙/a is the conformal Hubble parameter, Φ and Ψ are metric
perturbations and they equal to each other if we neglect the anisotropic stress induced by radiation. At the matter
dominated epoch, Φ and Ψ are constants, so we can see that if the scalar field is massless, V = 0, its perturbation
decouples from the metric perturbation and its dynamical equation (12) is homogeneous, the solutions to it remain
constant or decaying at super-horizon scales. As Axion-like model considered in this paper, the scalar field should
have a nonzero potential, the couplings like the Chern-Simons term. And the potential is given as follows,
V (φ) = Λ4(1− cos φ
f
) , (13)
this potential gives φ an effective mass m ∼ Λ2/f . Usually the scale f is much higher than Λ and this yields a small
mass for the scalar field.
Given the potential, Eq. (12) is inhomogeneous, like that of a forced oscillator, its solution is the combination of the
solution to the homogeneous equation and a special solution for the full inhomogeneous one. The former corresponds
to the mode of entropy (or isocurvature) perturbation and the latter is the adiabatic one. What we are interested in
here is the adiabatic perturbation, which is seeded by the metric perturbation and the main contribution to it comes
from dark matter. Because the same metric perturbation seeded the temperature anisotropy and E mode polarization
of CMB at LSS, the perturbation δφ should correlate with T and E, it must generate the Tα and Eα correlations.
Under the adiabatic initial condition, a solution for δφ was obtained in synchronous gauge under the slow-rolling
approximation [33]
(δφ)syn(k, ηlss) = −2
9
(
3Ωφ(ηlss)(1 + wφ(ηlss))
8pi
)1/2
MPLΨ(k, ηlss) , (14)
where Ωφ and wφ are the density parameter and equation of state of φ at LSS, and MPL = 1/
√
G is the Planck mass.
In terms of Eq. (11), and by defining a parameter
 =
1
100 rad
× 1
9pi
βMPL
M
(
3Ωφ(ηlss)(1 + wφ(ηlss))
8pi
)1/2
, (15)
we have the angular power spectrum for the anisotropic rotation angle Cααl in unit of rad
2,
Cααl = 8× 104pi2
∫
k2dkPΨ(k) [jl(k∆η)T (k, ηlss)]
2
, (16)
where T (k, ηlss) is the transfer function which evolves the perturbation from primordial to LSS. The definition of the
angular power spectrum can be found in the next section.
The parameter  has the meaning of square root of the variance of the anisotropic rotation angles [33]. At the
recombination epoch, the transfer function T (k, ηlss) ' 1 at small l ≤ 100. For the scale invariant primordial power
spectrum PΨ(k) =
9
25
2pi2
k3 As, then the power spectrum of δα is approximately
Cααl =
7.2× 105pi32As
25l(l + 1)
. (17)
When taking As = 2.10× 10−9 [51], we approximately have Dααl = l(l+ 1)Cααl /2pi ≈ 3.0× 10−42 rad2. The current
results from ACTPol [30]: Dααl < 1.0× 10−5rad2 at 95% C.L. level, puts a constraint on the parameter:  < 0.18 at
95% C.L..
5Since δφ is sourced by the metric perturbations which also sourced the CMB temperature anisotropy and E mode
polarization at LSS, there should bring Tα and Eα cross-correlations. Recall that [52]
aTlm =
1
2pi2
(−i)l
∫
d3kΨ(k)∆Tl(k, η)Y
∗
lm(kˆ) ,
aElm =
1
2pi2
(−i)l
∫
d3kΨ(k)∆El(k, η)Y
∗
lm(kˆ) , (18)
where ∆Tl(k, η),∆El(k, η) are the transfer functions for temperature and E polarization respectively. We have the
cross-correlation spectra with unit of µK · rad,
CTαl = 4× 102
∫
k2dk PΨ(k)∆Tl(k, η)jl(k∆η)T (k, ηlss) (19)
CEαl = 4× 102
∫
k2dk PΨ(k)∆El(k, η)jl(k(∆η)T (k, ηlss), (20)
Currently there is no direct constraint on these cross-correlations. We will study in the rest of this paper how these
cross-correlations change the power spectra and generate the bispectra of the rotated CMB polarizations in the hope
to find a way to test the cross correlations. We plot the auto and cross power spectrum of rotation angle in Fig. 1,
CTαl and C
Tα
l have similar oscillating behavior at large multipoles, while C
αα
l has a scale invariant feature at l ≤ 100
and after that it decreases rapidly. For numerical sake, we can make a cut at l ≈ 1000 for Cααl , and l ≈ 2000 for the
cross-correlations in the computations.
101 102 103
l
10−12
10−10
10−8
10−6
10−4
10−2
100
l(
l
+
1)
C
l/
2pi
αα [rad2]
101 102 103
l
Tα [µK · rad]
101 102 103
l
Eα [µK · rad]
FIG. 1: Power spectra of anisotropic rotation angles and its correlations with CMB temperature and E-polarization fields in
Axion-like model. These three power spectra are calculated with the modified CAMB computer code [53]. In each panel, the
solid blue and dashed red curves correspond to parameter  = 0.1, 0.01. The ΛCDM parameters are adopted from Planck 2018
best fit values. CTαl and C
Eα
l are plotted with absolute values. In right two panels, we find C
Tα
l pass zero at l ≈ 80, while
CEαl has a cross point at l ≈ 200. For comparisons, we also plot the l(l + 1)
√
Cααl C
TT
l /2pi and l(l + 1)
√
Cααl C
EE
l /2pi with
 = 0.1 with gray color in right two panels.
III. POWER SPECTRA OF ROTATED CMB POLARIZATION FIELDS MODIFIED BY CTαl AND C
Eα
l
The effect of polarization rotation angle on CMB polarization power spectra has already been studied by Refs. ([13,
22]), but in these previous works the cross correlation of δα and CMB temperature and E-mode polarizations were
ignored. In this section, we go a step further based on these works to investigate how the Tα and Eα correlations
affect the power spectra.
To get the power spectra of the CMB anisotropies, we need first to expand the temperature and polarization fields
in terms of appropriate spin-weighted spherical harmonic functions [54]:
T (n) =
∑
lm
aTlmYlm(n)
(Q± iU)(n) =
∑
lm
a±2,lm ±2Ylm(n) . (21)
6The expressions for the expansion coefficients are obtained from the inverse transforms,
aTlm =
∫
dΩ Y ∗lm(n)T (n)
a±2,lm =
∫
dΩ ±2Y ∗lm(n)(Q± iU)(n) . (22)
Instead of a2,lm and a−2,lm, it is more convenient to use their linear combinations
aElm = −(a2,lm + a−2,lm)/2
aBlm = i(a2,lm − a−2,lm)/2 . (23)
There are same expansions for the rotated CMB maps where variables are denoted by tildes over them. The advantage
of E/B decomposition is that it is coordinate-independent and the E and B modes represent polarization patterns with
opposite parities. Together with the expansion (10), the angular power spectra for the auto- and cross-correlations
are defined as
〈aX′∗l′m′aXlm〉 = CX
′X
l δl′lδm′m (24)
with the assumption of statistical isotropy. Here, X ′ and X denote the anisotropic rotation angle δα, the temperature
fluctuation T and the E and B mode polarizations. For the unrotated CMB fields, CTBl = C
EB
l = 0. As men-
tioned before, δα as scalar perturbation is uncorrelated with primordial B mode, which is sourced by the primordial
gravitational waves, so CBαl = 0.
Now we move to discuss the rotated power spectra. Since
a˜±2,lm =
∫
dΩ · (Q˜± iU˜)(n) ±2Y ∗lm(n), (25)
we obtain the following expressions for the rotated E,B fields
a˜Elm =
1
2
∑
s,p≥2,q
eisα¯
[
aEpq + i sgn(s)a
B
pq
] ∫
dΩ · eisδα(n) · sYpq(n) sY ∗lm(n),
a˜Blm =
1
2
∑
s,p≥2,q
eisα¯
[
− i sgn(s)aEpq + aBpq
] ∫
dΩ · eisδα(n) · sYpq(n) sY ∗lm(n). (26)
where the subindex s of the spin-weighted spherical harmonic functions sYpq(n) is restricted to be s = 2,−2 and
sgn(s) is sign function.
The exponent function eisδα(n) has a log-normal distribution, as we will see in the next section this causes the
rotated polarization fields to deviate from Gaussian distribution. Actually the non-Gaussian effect has already been
noted in Ref. [22], there the authors ignored it by simply assuming that the correlations Tα and Eα are ignorable.
Here we will consider these correlations and in this section we will have a modified version for the CMB power spectra.
In the next section, we will calculate the bispecta, and we will see that the bispectra crucially depend on Tα and Eα
correlations.
First we consider the cross-correlation of the temperature with rotated polarizations, for example,〈
aT∗l1m1 a˜
B
l2m2
〉
=
1
2
eisα¯
∑
s=±2,p≥2,q
∫
dΩ · sYpq(n) sY ∗l2m2(n)
[ 〈
aT∗l1m1a
B
pqe
isδα(n)
〉
− i · sgn(s)
〈
aT∗l1m1a
E
pqe
isδα(n)
〉 ]
,
(27)
we find there contains three point term in the form
〈
aTl1m1a
X
l2m2
eisδα(n)
〉
, X = E,B. We use the so called Gaussian
integration by part formula [55] to expand this three point expectation (see appendix A for detail), using Eq. (A3)
we have 〈
aT∗l1m1a
X
pqe
isδα(n)
〉
= e−2〈δα2(n)〉
[〈
T ∗X
〉
− 4
〈
T ∗δα(n)
〉
·
〈
Xδα(n)
〉]
, (28)
the second term are modifications by cross correlation of δα with CMB.
7Using the expansion (10) of the rotation angle on LSS, we get〈
aT∗l1m1a
X
pqe
isδα(n)
〉
= e−2C
α(0)
[ 〈
aT∗l1m1a
X
pq
〉− 4 2∑
LiMi,i=1
〈
aT∗l1m1αL1M1
〉 〈
aXpqαL2M2
〉
YL1M1(n)YL2M2(n)
]
, (29)
where Cα(0) =
〈
δα2(n)
〉
is the variance of anisotropic rotation angle. Substitute Eq. (29) into Eq. (27), using
the properties of spin weighted spherical harmonic, the integration can be solved analytically. Note the second
term of right hand side of Eq. (29) is eliminated due to the addition theorem of spin weighted spherical harmonics∑
q sYpq(n)Y
∗
pq(n) ∼ δ0s = 0, here s = ±2 6= 0. Thus CTαl and CEαl give rise no contribution to C˜TBl , so as for C˜TEl .
After some simplifications, we get exact the same formula of C˜TBl , C˜
TE
l power spectra as the result in Ref. [22],
C˜TEl = C
TE
l cos(2α¯)e
−2Cα(0) , C˜TBl = C
TE
l sin(2α¯)e
−2Cα(0) . (30)
When the two point functions only contain polarization modes, the story is different. For example, we calculate
the BB correlation as follows,
〈
a˜B∗l1m1 a˜
B
l2m2
〉
=
ei(s2−s1)α¯
4
2∑
pi≥2,qi,i=1
∫
dΩ1 s1Y
∗
p1q1(n1) s1Y l1m1(n1)
∫
dΩ2 s2Y p2q2(n2) s2Y
∗
l2m2(n2)
×
∑
s1s2
〈[
sgn(s1s2)a
E∗
p1q1a
E
p2q2 + i sgn(s1)a
E∗
p1q1a
B
p2q2
−i sgn(s2)aB∗p1q1aEp2q2 + aB∗p1q1aBp2q2
]
ei[s2δα(n2)−s1δα(n1)]
〉
, (31)
we can find that we also need to compute similar three point functions. We use Eq. (A3) again in our calculations for
the following three point terms appeared with X1, X2 = E,B,〈
aX1∗p1q1a
X2
p2q2e
i[s2δα(n2)−s1δα(n1)]
〉
= e−4C
α(0)+s1s2C
α(β)
[ 〈
aX1∗p1q1a
X2
p2q2
〉− 2∑
LiMi,i=1
〈
aX1∗p1q1αL1M1
〉 〈
aX2p2q2αL2M2
〉
× (s2 YL1M1(n2)− s1 YL1M1(n1)) (s2 YL2M2(n2)− s1 YL2M2(n1))
]
, (32)
where Cα(β) is the two point correlation function of δα over two different directions separated by an angle β with
cosβ = n1 · n2, it relates to the power spectrum Cααl in the following way,
Cα(β) = 〈δα(n1)δα(n2)〉 =
∑
L
2L+ 1
4pi
CααL PL(cosβ) , (33)
here PL(cosβ) is the Legendre polynomial.
The rest work is substituting Eq. (32) into Eq. (31) and simplifying the integration. Note that the integration
over two directions can be simplified into the single integration over the angle between them, the details are put in
appendix D. Using Eqs. (D9, D10), we obtain the explicit expression for rotated BB power spectrum. In the same
way EB,EE power spectra are calculated. In all, the explicit expressions of rotated polarization power spectra are
listed below,
C˜EEl + C˜
BB
l =
1
2
e−4C
α(0)
∫
d cosβ e4C
α(β)dl22(β)
[∑
L
(2L+ 1)dL22(β)
(
CEEL + C
BB
L
)
+W 2Eα(β)
]
,
C˜EEl − C˜BBl =
1
2
e−4C
α(0) cos(4α¯)
∫
d cosβ e−4C
α(β)dl−22(β)
[∑
L
(2L+ 1)dL−22(β)
(
CEEL − CBBL
)−W 2Eα(β)],
C˜EBl =
1
4
e−4C
α(0) sin(4α¯)
∫
d cosβ e−4C
α(β)dl−22(β)
[∑
L
(2L+ 1)dL−22(β)
(
CEEL − CBBL
)−W 2Eα(β)
]
,(34)
where WEα(β) is defined as
WEα(β) =
1√
pi
∑
L
(2L+ 1) dL02(β)C
Eα
L . (35)
8which is a transform of CEαl and corresponds to Eα correlation in the coordinate space. In above calculations, we
have considered CBαl = 0. We can see from these results that in comparison with the results of Ref. [22], the correction
to the rotated power spectra only comes from Eα correlation through the term WEα(β), the Tα correlation has no
contribution, this is because the rotation by the Chern-Simons term does not change the temperature map.
The contribution of Cααl is encoded in the factor e
±4Cα(β) (including e−4C
α(0)). From Eq. (34), the leading
contribution from the anisotropy of rotation angle is proportional to CααL1 C
EE
L2
, which is order of 2. While the leading
contributions from CEαl is proportional to C
Eα
L1
CEαL2 , which is also order of 
2. However, in Fig. (2), the latter is
smaller than the former, and at large multipole their differences become larger. This is because the correlation power
spectrum CEαL1 changes across zero more rapidly, while
√
CααL1 C
EE
L2
varies with the multipole moderately which can
be seen in Fig. (1). As a result, the summation of former will be larger than summation of the latter terms. In
Fig .(2), at about l ≥ 200, modification of the polarization power spectra from CEαL1 is about two orders of magnitude
smaller than the contribution only from CααL1 . Without loss of accuracy the cross correlation effect can be neglected
in such case. However when at small multipole l ≤ 200, their difference is reduced to only one order. This different
behavior arise from the fact CEαL1 pass zero at about l ≈ 200. From the expansion of rotated trispectra Eq. (A5), we
can draw similar conclusions. Generally, CEαL1 produces smaller effect than C
αα
L1
does so it is more appropriate to use
power spectra and trispectra to constrain CααL1 rather than C
Eα
L1
. To avoid the influence of CEαL1 , it is better to use
the correlation function at large multipole.
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FIG. 2: Comparisons of modifications of power spectra of rotated polarization fields with and without considering the cross
correlations of anisotropic rotation angle with CMB in Axion-like model. In each panel, Cl(ΛCDM) mean the unrotated and
lensed CMB power spectra calculated with Planck 2018 best fit values, C˜l(αα) and C˜l(Eα) represent the rotated power spectra
without and with considering the Eα correlations. To be concentrated, we ignore the effect of isotropic rotation angle by setting
α¯ = 0.
IV. BISPECTRA OF ROTATED CMB FIELDS INDUCED BY Tα AND Eα CORRELATIONS
In this section, we will go further to study the CMB bispectra induced by cosmic polarization rotation angle.
The procedure of deriving the three point functions is almost the same as that on power spectra except the rotated
bispectra are crucially dependent on the Tα or Eα correlations. Before we get into the complicated derivations, it’s
convenient to have a short review on the bispectrum formalism.
Under the assumption of statistical isotropy, the CMB bispectrm should be rotation invariant. As in Ref. [37], this
requires the angular bispectrum Bm1m2m3l1l2l3 should be proportional to a Wigner 3j factor [38],
Bm1m2m3l1l2l3 =
〈
aXl1m1a
Y
l2m2a
Z
l3m3
〉
=
(
l1 l2 l3
m1 m2 m3
)
BXY Zl1l2l3 , (36)
where BXY Zl1l2l3 is called angular averaged bispectrum. Since the spherical harmonic coefficients a
T/E
lm and a
B
lm have the
(−1)l and (−1)l+1 parities respectively, the parity of Bm1m2m3l1l2l3 or BXY Zl1l2l3 is (−1)k+l1+l2+l3 , where k is the number of
9CMB B fields [56, 57]. Parity invariance requires all the bispectra should be parity even(hereafter we say parity even
means the configuration k + l1 + l2 + l3 =even and parity odd for k + l1 + l2 + l3 =odd).
Usually we use the reduced bispectrum instead in order to extract physical information [37]. In the case l1 + l2 +
l3=even, the angular averaged bispectrum can be separated into two terms,
Bm1m2m3l1l2l3 = Gm1m2m3l1l2l3 bl1l2l3 ,
Gm1m2m3l1l2l3 =
∫
dΩ Yl1m1(n)Yl2m2(n)Yl3m3(n), (37)
where Gm1m2m3l1l2l3 is named as Gaunt integral which naturally introduces to two basic properties: the triangle inequality|l1 − l2| ≤ l3 ≤ |l1 + l2|, and the selection rule condition m1 +m2 +m3 = 0.
The reduced bispectrum with l1 + l2 + l3=odd does not have a unique definition [45]. Here we follow Refs. [45, 58]
and introduce weight function hl1l2l3 , therefore the angular averaged bispectrum can be written as
Bm1m2m3l1l2l3 = bl1l2l3
(
l1 l2 l3
m1 m2 m3
)
hl1l2l3 ,
hl1l2l3 =
1
6
[1− (−1)l1+l2+l3 ] (I11−2l1l2l3 + I1−21l1l2l3 + I−211l1l2l3) (38)
Is1s2s3l1l2l3 =
√
(2l1 + 1)(2l2 + 1)(2l3 + 1)
4pi
(
l1 l2 l3
s1 s2 s3
)
, (39)
Finally we obtain a general expression of reduced bispectrum for both cases, which is
bl1l2l3 = h
−1
l1l2l3
(
l1 l2 l3
m1 m2 m3
)−1
Bm1m2m3l1l2l3 ,
hl1l2l3 =
{
I000l1l2l3 , l1 + l2 + l3 = even
1
6 [1− (−1)l1+l2+l3 ]
(
I11−2l1l2l3 + I
1−21
l1l2l3
+ I−211l1l2l3
)
, l1 + l2 + l3 = odd
, (40)
where h as a generic weight function has different expressions depending on the parity.
Now let us move on to derive the explicit expressions of rotated bispectra 〈XY Z〉 where X,Y, Z are harmonic
coefficients of rotated CMB fields. For simplicity, we assume all the unrotated CMB temperature and polarization
fields are Gaussian random fields and ignore other non-Gaussianity sources from later time evolutions, such as weak
lensing and so on. And we also ignore primordial and lensed B mode since their contributions on bispectra are far
smaller than that of E polarization and besides B mode increases the computational complexity significantly. Under
these assumptions the rotated CMB harmonic coefficients turn out to be as follows,
a˜Elm = a˜
E
lm,aniso cos 2α¯− a˜Blm,aniso sin 2α¯,
a˜Blm = a˜
B
lm,aniso cos 2α¯+ a˜
E
lm,aniso sin 2α¯, (41)
a˜Elm,aniso =
1
2
∑
s,p≥2,q
aEpq
∫
dΩ · eisδα(n) · sYpq(n) sY ∗lm(n)
a˜Blm,aniso = −
i
2
∑
s,p≥2,q
sgn(s)aEpq
∫
dΩ · eisδα(n) · sYpq(n) sY ∗lm(n) . (42)
Note that similar to the case of rotated power spectra in Eq. (27), derivations of bispectra eventually result in the
computing the ensemble averages of the product of three unrotated CMB harmonic coefficients and one exponent
term. After performing integration by parts as Eq. (A4), the kernels turn out to be〈
aX1l1m1a
X2
l2m2
aX3l3m3e
if(δα(nj))
〉
= ie−Var[f(δα(nj))]/2
[〈
X1X2X3f(δα(nj))
〉
−
〈
X1f(δα(nj))
〉
·
〈
X2f(δα(nj))
〉
·
〈
X3f(δα(nj))
〉]
, (43)
where X1, X2 = T,E,B, X3 = E,B, the exponent argument is a linear combination of anisotropic rotation angles
f(δα(nj)) =
∑
j sjδα(nj). The variance Var [f(δα(nj))] reads ,
Var
[∑
i
siδα(ni)
]
=
∑
i,j
sisj 〈δα(ni)δα(nj)〉 =
∑
i,j,L
2L+ 1
4pi
sisjC
αα
L PL (cos(ni · nj)) , (44)
10
It is convenient to categorize those bispectra according to the number of polarization fields, namely TTP , TPP
and PPP , here P means polarization. For the simplest case TTP , we have〈
aTl1m1a
T
l2m2 a˜
E
l3m3
〉
=
1
2
∑
s
I1(s, l123),
〈
aTl1m1a
T
l2m2 a˜
B
l3m3
〉
= − i
2
∑
s
sgn(s)I1(s, l123), (45)
we introduce I1 that represents the kernel integration in the case of TTP , defined as,
I1(s, l123) = eisα¯
∑
p≥2,q
∫
dΩ sYpq(n) sY
∗
l3m3(n)
〈
aTl1m1a
T
l2m2a
E
pqe
isδα(n)
〉
(46)
= i s eisα¯ · e−2Cα(0)CTEl1 CTαl2 I0−ssl2l1l3
(
l1 l2 l3
m1 m2 m3
)
+ (l1,m1 ↔ l2,m2) , (47)
where l123 is abbreviation for l1, l2, l3. During the simplification, we have adopted the formula for the expectation of
product in Eq. (43), and then expanded δα(n) in terms of spherical harmonics.
Substitute the expression of I1(s, l123) into Eq. (45) and combine with the definition in Eq. (40), we obtain the
reduced bispectra
b˜TTEl1l2l3 = 2h
−1
l1l2l3
I0−22l2l1l3e
−2Cα(0)CTEl1 C
Tα
l2
[
− Elsum sin(2α¯) + iOlsum cos(2α¯)
]
+ (l1 ↔ l2),
b˜TTBl1l2l3 = 2h
−1
l1l2l3
I0−22l2l1l3e
−2Cα(0)CTEl1 C
Tα
l2
[
Elsum cos(2α¯) + iOlsum sin(2α¯)
]
+ (l1 ↔ l2) , (48)
where Elsum ,Olsum are even/odd symbols which defined as
Elsum =
[
1 + (−1)lsum]/2, Olsum = [1− (−1)lsum]/2, lsum = l1 + l2 + l3 . (49)
In Eq. (48), we find that each reduced TTP bispectra contain terms with different parities. This means parity
violation. This violation has two origins. The first one came from the parity mixing brought by the isotropic rotation
angle α¯, which depends on the background evolution. The second one came from the anisotropic rotation angle. This
can be seen as the limit the rotation angle has no background part, α¯ = 0. At this limit only the odd-TTE (hereafter
the prefix “odd-” means lsum = odd) and even-TTB (hereafter the prefix “even-” means lsum = even) components
left. Both of them are parity odd bispectra [56] and break the parity conservation. Furthermore, we can see that
the TTP bispectra are proportional to CTαl . That is, without temperature-α correlation, both the TTE and TTB
bispectra for the rotated CMB polarization fields vanish.
In Fig. (3) we plot the rotation angle induced TTP bispectra with different choices of parameters, and the primordial
TTE and lensed TTB for comparisons. We can see that parity-violating bispectra even-TTB and odd-TTE, which
remains zero in the case of primordial scalar non-Gaussianity and weak lensing, will be generated if there exists non-
zero cross-correlation between CMB temperature field and anisotropic rotation angle. In addition they are almost
unaffected by the isotropic rotation angle. These features make even-TTB and odd-TTE bispectra good estimators
for detecting anisotropic rotation angles and the cross-correlation CTαl . Furthermore, in order to estimate , since the
reduced bispectra is proportional to  because of CTαl in Eq. (48), and rotated CMB power spectra is proportional to
2 to the first order, odd-TTE and even-TTB also could potentially perform better than the power spectra. When to
the parity conserved bispectra sourced by a nonzero isotropic rotation angle, even-TTE and odd-TTB will potentially
affect detecting other non-Gaussianity sources similar to how rotation angle does to primordial gravitational waves’
observations.
For the cases which contain two polarization fields TPP , the bispectra share similar forms〈
aTl1m1 a˜
E
l2m2 a˜
E
l3m3
〉
=
1
4
∑
s1s2
I2(s12, l123)
〈
aTl1m1 a˜
E
l2m2 a˜
B
l3m3
〉
= − i
4
∑
s1s2
sgn(s2)I2(s12, l123)
〈
aTl1m1 a˜
B
l2m2 a˜
B
l3m3
〉
= −1
4
∑
s1s2
sgn(s1s2)I2(s12, l123), (50)
where I2 is the integration over two directions n1,n2,
I2(s12, l123) = ei
∑2
j=1 sj α¯
2∑
pi,qi,i=1
∫
dΩ1 s1Y p1q1(n1) s1Y
∗
l2m2(n1)
∫
dΩ2 s2Y p2q2(n2) s2Y
∗
l3m3(n2)
×
〈
aTl1m1a
E
p1q1a
E
p2q2e
i
∑2
j=1 sjδα(nj)
〉
, (51)
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FIG. 3: The absolute values of rotated reduced bispectra bTTP4l2l3 as functions of l2 for various parameter and parities. The input
CTαl and C
Eα
l are based on Fig. (1). Multipoles are set to be l3 = l2+4 for even domain and l3 = l2+3 for odd domain. Note in
sub figures of bispectra in odd domain, the imaginary number are omitted. Top panels: bispectra generated by the anisotropic
rotation angles only, the solid and dashed curves correspond to parameter  = 0.1, 0.01. Bottom panels: bispectra contributed
by both the isotropic and the anisotropic rotation angles, the solid and dashed curves correspond to α¯ = 1◦, 0.1◦ while fixing
parameter  = 0.1. In bottom left/right panels, we use CAMB package to calculate and plot the primordial bispectra even-TTE
with fNL = 3, and weak lensing induced odd-TTB for comparisons.
where s12 is short for s1, s2. Expanding the angular correlation in terms of Eq. (43) and then simplify the integration
using Eqs. (D9, D10), we obtain
I2(s12, l123) = iei
∑2
j=1 sj α¯e−4C
α(0)
(
l1 l2 l3
m1 m2 m3
)∫
d cosβ e−s1s2C
α(β)
[
s1C
TE
l1 I
0s1−s1
l3l2l1
dl30s2(β)
×
∑
L
2L+ 1
2
CEαL d
L
0s2(β) + s1C
Tα
l1 I
0−s1s1
l1l2l3
dl3−s2s1(β)
∑
L
2L+ 1
2
CEEL d
L
−s2s1(β)
− 1
2pi
s2C
Tα
l1 I
0−s1s1
l1l2l3
dl3−s2s1(β)
∑
L1
(2L1 + 1)C
Eα
L1 d
L1
0s1
(β)
∑
L2
(2L2 + 1)C
Eα
L2 d
L2
0s2
(β)
]
+ ({s1l2m2} ↔ {s2l3m3}) , (52)
where the permutation means s1 ↔ s2, l2 ↔ l3,m2 ↔ m3. Substitute it into Eq. (50), we obtain the reduced
bispectrum,
b˜TEEl1l2l3 = h
−1
l1l2l3
e−4C
α(0)
∫ pi
0
d cosβ e−4C
α(β)
{
Elsum sin(4α¯)
[
− U Il123 − U IIl123 + U IVl123
]
+iOlsum
[
− cos(4α¯) (U Il123 − U IIl123 + U IVl123)− e8Cα(β)U Il123 + U IIIl123 + UVl123]}+ (l2 ↔ l3). (53)
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The auxiliary functions Ul123 in Eq. (53) are defined as
U Il123 = d
l3
02(β)I
0−22
l3l2l1
CTEl1
∑
L
2L+ 1
2
dL02(β)C
Eα
L , U
II
l123 = d
l3
−22(β)I
0−22
l1l2l3
CTαl1
∑
L
2L+ 1
2
dL−22(β)C
EE
L ,
U IIIl123 = e
8Cα(β)dl322(β)I
0−22
l1l2l3
CTαl1
∑
L
2L+ 1
2
dL22(β)C
EE
L , U
IV
l123 =
dl3−22(β)
2pi
I0−22l1l2l3C
Tα
l1
(∑
L1
(2L1 + 1)d
L1
02 (β)C
Eα
L1
)2
,
UVl123 =
e8C
α(β)dl322(β)
2pi
I0−22l1l2l3C
Tα
l1
(∑
L1
(2L1 + 1)d
L1
02 (β)C
Eα
L1
)2
. (54)
the subscripts l123 represents sequence of l1l2l3. Similarly, we have the expressions for TEB and TBB,
b˜TEBl1l2l3 = h
−1
l1l2l3
e−4C
α(0)
∫ pi
0
d cosβ e−4C
α(β)
{
Elsum
[
e8C
α(β)
(
U Il132 − U Il123
)
+ cos(4α¯)
(
U Il123 + U
I
l132 + U
II
l123 + U
II
l132 − U IVl123 + U IVl132
)
+ U IIIl132 − U IIIl123 + UVl132 − UVl123
]
+iOlsum sin(4α¯)
[
U Il132 − U Il123 + U IIl123 − U IIl132 + U IVl132 − U IVl123
]}
, (55)
b˜TBBl1l2l3 = h
−1
l1l2l3
e−4C
α(0)
∫ pi
0
d cosβ e−4C
α(β)
{
Elsum sin(4α¯)
(
U Il123 + U
II
l123 − U IVl123
)
+iOlsum
[
cos(4α¯)
(
U Il123 − U IIl123 + U IVl123
)− e8Cα(β)U Il123 + U IIIl123 + UVl123]}+ (l2 ↔ l3). (56)
We can see that all the rotated TPP bispectra will vanish if there are no Tα or Eα correlations. Furthermore, both
the parity-odd and parity-even terms are produced.
Under the small rotation angle approximation,
e−4C
α(β) ∼ 1, sin α¯ ∼ α¯, cos α¯ ∼ 1 , (57)
we can get a rough evaluation on the amount of reduced bispectra as follows,
b˜TEE(even) ∼ (α¯CTαl , α¯CEαl ), b˜TEE(odd) ∼ (CTαl , CEαl ),
b˜TEB(even) ∼ (CTαl , CEαl ), b˜TEB(odd) ∼ (α¯CTαl , α¯CEαl ),
b˜TBB(even) ∼ (α¯CTαl , α¯CEαl ), b˜TBB(odd) ∼ (α¯2CTαl , α¯2CEαl , CTαl CEαL1 CEαL2 ) , (58)
where each approximate equation means that the bispectra is on the same order with the terms within the parenthesis.
See Eq. (E1)) in appendix E for complete expressions. Here the word “even”/“odd” in the parenthesis means l1 +
l2 + l3 = even/odd.
We plot polarization rotation angle induced TPP type bispectra in Fig. (4), as well as bispectra introduced by
primordial non-Gaussianity and weak lensing for comparison. Similar to the case of TTP , even-TEB, odd-TEE and
odd-TBB will be generated due to the anisotropic rotation angle. Combining with the isotropic rotation angle, parity
conserved bispectra even-TEE, even-TBB, odd-TEB will also be created through converting E and B fields with
each other, and even-TEE and even-TBB are equal since they are both derived by converting even-TEB through
isotropic rotation. TPP bispectra still could be a set of good estimators for measuring CTαl , C
Eα
l and , since at
leading order even-TEB and odd-TEE are linear combinations of δα involved cross-correlation spectra, and thus
both of them are proportional to .
The rest cases in which the three point correlation functions of CMB contain three rotated polarization fields PPP
are expected to have the most complicated forms. In a similar way, we start from the definitions of reduced bispectra,〈
a˜El1m1 a˜
E
l2m2 a˜
E
l3m3
〉
=
1
8
∑
s1s2s3
I3(s123, l123),
〈
a˜El1m1 a˜
E
l2m2 a˜
B
l3m3
〉
= − i
8
∑
s1s2s3
sgn(s3)I3(s123, l123),
〈
a˜El1m1 a˜
B
l2m2 a˜
B
l3m3
〉
= −1
8
∑
s1s2s3
sgn(s2s3)I3(s123, l123),
〈
a˜Bl1m1 a˜
B
l2m2 a˜
B
l3m3
〉
=
i
8
∑
s1s2s3
sgn(s1s2s3)I3(s123, l123), (59)
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FIG. 4: The absolute values of rotated reduced bispectra bTPP4l2l3 as functions of l2 for various parameter and parities. Multipole
and parameters configurations are same as in Fig. (3). For even-TPP bispectra, we plot the primordial bispectra TEE with
local non-linear parameter fNL = 5, while for odd ones, we plot weak lensing induced TEB for comparison.
where I3 is the integration over three directions n1,n2,n3, reads
I3(s123, l123) = ei
∑3
j=1 sj α¯
3∑
pi,qi,i=1
∫
dΩ1 s1Y p1q1(n1) s1Y
∗
l1m1(n1)
∫
dΩ2 s2Y p2q2(n2) s2Y
∗
l2m2(n2)
×
∫
dΩ3 s3Y p3q3(n3) s3Y
∗
l3m3(n3)
〈
aEp1q1a
E
p2q2a
E
p3q3e
i
∑3
j=1 sjδα(nj)
〉
. (60)
Here we only consider approximations up to first order of Cααl in order to simplify the numerical calculation. First
use Eq. (43) to expand the expectation then truncate the exponential part to first order,
e−
∑3
(i,j) sisjC
α(ni·nj)
≈ 1−
∑
LM
s1s2C
αα
L Y
∗
LM (n1)YLM (n2)−
∑
LM
s2s3C
αα
L Y
∗
LM (n2)YLM (n3)−
∑
LM
s1s3C
αα
L Y
∗
LM (n1)YLM (n3) . (61)
Substitute this expansion into expansion of Eq. (60), the integral can be analytically done using the properties of spin
weighted spherical harmonics and Wigner symbols showed in appendices B, C. After simplification, the zeroth and
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first orders of I3 are
I3(s123, l123)(0) = iei
∑3
j=1 sj α¯e−6C
α(0)
(
l1 l2 l3
m1 m2 m3
){
s1I
−s1s10
l2l1l3
CEαl3 C
EE
l2
− 1
6
[
s2s3s1
3∑
Li,i=1
CEαL1 C
Eα
L2 C
Eα
L3 (−1)L3+L2+L1+l1+l2+l3I−s1s10L3l1L1 I−s2s20L2l2L3 I−s3s30L1l3L2
{
l1 l2 l3
L2 L1 L3
}
+ (2↔ 3)
]
− 4s1
(2l1 + 1)
CEαl3 I
s20−s2
l2l3l1
2∑
Li,i=1
(−1)l1+l2+l3I−s1s10L1l1L2 I0−s2s2L1L2l1 CEαL1 CEαL2
}
+ 5( perms), (62)
I3(s123, l123)(1) = i
(
l1 l2 l3
m1 m2 m3
){
− 4s2
(2l2 + 1)
CEαl3 I
0−s1s1
l3l1l2
2∑
Li,i=1
(−1)L1+L2+l2I−s2s20L2l2L1 I0−s1s1L1L2l2 CααL1 CEEL2
− s1s2s3
3∑
Li,i=1
I−s1s10L3l1L1 I
−s2s20
L3l2L2
I−s3s30L1l3L2 C
EE
L3 C
αα
L2 C
Eα
L1 (−1)L1+l1+l3
{
l1 l2 l3
L2 L1 L3
}
− 4s3
(2l3 + 1)
CEEl2 I
−s1s10
l2l1l3
2∑
Li,i=1
I−s3s30L2l3L1 I
000
l3L2L1C
αα
L1 C
Eα
L2
}
ei
∑3
j=1 sj α¯e−6C
α(0) + 5( perms) , (63)
where the permutation is for both s and l,m. Note that in the brace of Eq. (63), terms with more than three orders
of δα, or say , such as
∑
L1L2L3L4
CEαL1 C
Eα
L2
CEαL3 C
αα
L4
have already been omitted.
Substitute Eqs. (62, 63) into Eq. (59), we obtain the reduced bispectra
b˜EEEl1l2l3 = 2Elsumh−1l1l2l3 sin(2α¯) cos2(2α¯)
[
− V 0l123 + V Il123 + V IIIl123 + V Vl123
]
+iOlsumh−1l1l2l3 cos(2α¯)
[
2 cos2(2α¯)V 0l123 + cos(4α¯)
(
V Il123 − V IIIl123
)− V IIl123 + V IVl123 + 2 sin2(2α¯)V Vl123]
+
1
6
[Elsum(−1)lsum/2 + iOlsum(−1)(lsum−1)/2]h−1l1l2l3 3∑
Li,i=1
sin (β1) sin (β2) sin (β3)V
V I(L123, l123)
+(5 perms), (64)
where the angle parameters βi and the auxiliary functions Vl123are defined as
β1 =
L1 + L3 + l1
2
pi − 2α¯, β2 = L2 + L3 + l2
2
pi − 2α¯, β3 = L1 + L2 + l3
2
pi − 2α¯ , (65)
V 0l123 =
k
4
CEEl2 C
Eα
l3 , V
I
l123 =
kCEαl3
(2l1 + 1)
2∑
Li,i=1
I0−22L2L1l1I
0−22
L1L2l1
CEαL1 C
Eα
L2 ,
V IIl123 =
kCEαl3
(2l1 + 1)
2∑
Li,i=1
I0−22L2L1l1I
0−22
L1L2l1
CEαL1 C
Eα
L2 (−1)L1+L2+l1 , V IIIl123 =
kCEαl3
(2l2 + 1)
2∑
Li,i=1
I0−22L1L2l2I
0−22
L1L2l2
CααL1 C
EE
L2 (−1)L1+L2+l2 ,
V IVl123 =
kCEαl3
(2l2 + 1)
2∑
Li,i=1
I0−22L1L2l2I
0−22
L1L2l2
CααL1 C
EE
L2 , V
V
l123 =
kCEEl2
(2l3 + 1)
2∑
Li,i=1
I000L1L2l3I
0−22
L1L2l3
CααL1 C
Eα
L2 ,
V V I(L123, l123) = 8e
−6Cα(0)
{
l1 l2 l3
L2 L1 L3
}{
f(L123, l123) + f(L312, l231) + f(L231, l312)
+ (−1)lsum [f(L213, l213) + f(L132, l321) + f(L321, l132)] + g(L123, l123) + (−1)lsumg(L321, l132)
}
,
f(L123, l123) = (−1)L3+L2+l1+l3I0−22L1L3l1I0−22L2L3l2I0−22L2L1l3CEEL3 CααL2 CEαL1 ,
g(L123, l123) = I
0−22
L1L3l1
I0−22L3L2l2I
0−22
L2L1l3
(−1)lsumCEαL3 CEαL2 CEαL1 (66)
where k = 4e−6C
α(0)I0−22l3l1l2 . The function g has following symmetries
g(L123, l123) = g(L312, l231) = g(L231, l312),
g(L213, l213) = g(L321, l132) = g(L132, l321) . (67)
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Similarly, we have the full expressions for rest bispectra EEB,EBB,BBB:
b˜EEBl1l2l3 = Elsum cos(2α¯)
{
2
[
cos2(2α¯)V 0l321 − sin2(2α¯)
(
V 0l123 + V
0
l132
) ]
+
[
2 sin2(2α¯)V Il123 − cos(4α¯)
(
V Il321 + V
I
l132
) ]
+V IIl132 − V IIl321 +
[
2 sin2(2α¯)V IIIl123 − cos(4α¯)
(
V IIIl321 − V IIIl132
) ]
+ V IVl321 − V IVl132
+2
[
− cos2(2α¯)V Vl123 + sin2(2α¯)
(
V Vl321 + V
V
l132
) ]}
h−1l1l2l3 + iOlsum sin(2α¯)
{
2 cos2(2α¯)
[
V 0l123 − V 0l321 − V 0l132
]
+
[
cos(4α¯)V Il123 − 2 cos2(2α¯)
(
V Il321 + V
I
l132
) ]− V IIl123 + [− cos(4α¯)V IIIl123 + 2 cos2(2α¯) (V IIIl321 + V IIIl132 ) ]
+V IVl123 + 2
[
− sin2(2α¯)V Vl132 + cos2(2α¯)
(
V Vl321 − V Vl123
) ]}
h−1l1l2l3
+
1
2
[Elsum(−1)lsum/2 + iOlsum(−1)(lsum−1)/2]h−1l1l2l3 ∑
L2L3L1
sin (β1) sin (β2) cos (β3)V
V I(L123, l123) + (l1 ↔ l2) ,
(68)
b˜EBBl1l2l3 = Elsum sin(2α¯)
{
2
[
− sin2(2α¯)V 0l123 + cos2(2α¯)
(
V 0l213 + V
0
l321
) ]
+
[
2 cos2(2α¯)V Il321 − cos(4α¯)
(
V Il123 + V
I
l213
) ]
+V IIl123 − V IIl213 −
[
2 cos2(2α¯)V IIIl321 + cos(4α¯)
(
V IIIl123 + V
III
l213
) ]
+ V IVl213 − V IVl123
+2
[
sin2(2α¯)V Vl321 − cos2(2α¯)
(
V Vl123 + V
V
l213
) ]}
h−1l1l2l3 + iOlsum cos(2α¯)
{
2 sin2(2α¯)
[
V 0l123 − V 0l213 − V 0l321
]
−
[
cos(4α¯)V Il321 − 2 sin2(2α¯)
(
V Il123 − V Il213
) ]− V IIl321 − [ cos(4α¯)V IIIl321 + 2 sin2(2α¯) (V IIIl123 − V IIIl213 ) ]
−V IVl321 − 2
[
cos2(2α¯)V Vl213 + sin
2(2α¯)
(
V Vl123 − V Vl321
) ]}
h−1l1l2l3
+
1
2
[Elsum(−1)lsum/2 + iOlsum(−1)(lsum−1)/2]h−1l1l2l3 ∑
L2L3L1
sin (β1) cos (β2) cos (β3)V
V I(L123, l123) + (l2 ↔ l3) ,
(69)
b˜BBBl1l2l3 = −2Elsumh−1l1l2l3 cos(2α¯) sin2(2α¯)
(
− V 0l123 + V Il123 + V IIIl123 + V Vl123
)
+iOlsumh−1l1l2l3 sin(2α¯)
[
2 sin2(2α¯)V 0l123 + cos(4α¯)
(
V IIIl123 − V Il123
)− V IIl123 + V IVl123 + 2 cos2(2α¯)V Vl123]
+
1
6
[Elsum(−1)lsum/2 + iOlsum(−1)(lsum−1)/2]h−1l1l2l3 3∑
Li,i=1
cos (β1) cos (β2) cos (β3)V
V I(L123, l123) + (5 perms) .
. (70)
we see again that to have non-vanishing rotated PPP bispectra, the Eα correlation is necessary and both parity-odd
and parity-even terms are presented in these expressions.
To get a little bit more intuition of how big these reduced bispectra are, we try to find the approximate relationship
between them and the small variables α¯. Notice that the auxiliary function V 0l123 is proportional to C
Eα
l so that it is
of the first order of parameter , and the rest of auxiliary functions from V Il123 to V
V I
l123
are at least two orders higher
which means they can be neglected. After preserving the leading order, we get a rough approximations as follows
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(explicit expressions can be found in Appendix. (E), see Eq. (E2)),
b˜EEE(even) ∼ α¯CEαl , b˜EEE(odd) ∼ CEαl ,
b˜EEB(even) ∼ CEαl , b˜EEB(odd) ∼ α¯CEαl ,
b˜EBB(even) ∼ α¯CEαl , b˜EBB(odd) ∼ (α¯2CEαl , CEαL1 CααL2 , CEαL1 CEαL2 CEαL3 ),
b˜BBB(even) ∼ (α¯2CEαl , CEαL1 CααL2 , CEαL1 CEαL2 CEαL3 ), b˜BBB(odd) ∼ (α¯3CEαl , α¯CEαL1 CααL2 , α¯CEαL1 CEαL2 CEαL3 ). (71)
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FIG. 5: The absolute values of rotated reduced bispectra bPPP4l2l3 as functions of l2 for various parameter and parities. Multipole
and parameters configurations are same as in Fig. (3). For even-PPP bispectra, we plot the primordial bispectra EEE with
local non-linear parameter fNL = 20, while for odd ones, we plot weak lensing induced EEB for comparison.
Analogues to what we have done for the previous two cases, we plot the PPP type bispectra in Fig. (5). According
to Eq. (71), odd-EBB and even-BBB are expected to be two orders smaller than bispectra odd-EEE and even-
EEB. While for parity conserved parts, even-EEE and even-EBB have the same origin with even-EEB, so that
they are close to each other as the figure shows. However, odd-EEB is two orders larger than odd-BBB although
they are both rotated from odd-EEE but the latter bispectrum has to rotate twice more. As for the capacity of
scientific interpretation, odd-EEE and even-EEB have potential to be powerful in detecting anisotropic rotation
angle, measuring  and CEαl , since both two bispectra are proportional to C
Eα
l .
V. CONCLUSION AND DISCUSSION
The Chern-Simons term, through which the cosmic Axion-like field couples to the electromagnetic field, has the
effect to rotate CMB polarization directions and to break the CPT symmetry. There were lots of studies on this
phenomenon focusing on the changes of the CMB power spectra by both the isotropic and anisotropic polarization
rotation. However, almost all of these studies ignored the correlations between the (anisotropic) rotation angle α and
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the CMB temperature and (unrotated) E polarization fields. These correlations could be generated in the Axion-like
models with nonzero potential under the adiabatic initial condition. In this paper, we revisited the effects on CMB
by the polarization rotation, taking into account the Tα and Eα correlations. We investigated the rotated CMB
power spectra and bispectra. We found that CTαl has no contribution to the power spectra, but C
Eα
l does, it brought
a further modification to the EE, BB and EB power spectra relative to the previous results in Ref. [22]. This
modification is one order of magnitude smaller than that by Cααl at small multipole about l ≤ 200. When l ≥ 200,
the effect of CEαl on power spectra can be neglected.
The CMB bispectra vanish if the temperature and polarization fields are Gaussian. We found that this happens
even for the rotated polarization fields if there are no Tα and/or Eα correlations. By considering non-zero CTαl
and CEαl , we calculated all the rotated CMB bispectra analytically. Besides their dependence on C
Tα
l and C
Eα
l , the
bispectra have the property to break parity symmetry. In their expressions, the isotropic rotation angle brings parity
mixing and the anisotropic one induces parity odd bispectrum components. Then the measurement of parity odd
bispectra is possible to be used to search CPT violation signals. Among the rotated bispectra, we found the produced
TTE and TTB are proportional to CTαl thus can be used to make constraints on Tα correlation. Similarly, the
leading order produced EEE and EEB are proportional to CEαl and can also be used to constrain Eα correlation.
Since in the Axion-like model CTαl and C
Eα
l are order one of Chern-Simons coupling parameter  while C
αα
l is order
two, rotated bispectra may provide a new efficient way to constrain . To date, non-Gaussianity on CMB temperature
and E polarization have been well measured by Planck [47]. The constraints results on the nonlinear parameters of
primordial tensor non-Gaussianity are f tenNL = (1 ± 18) × 102 from the the parity odd bispectra of T + E map and
f tenNL = (−570±720)×102 from E map only. The method estimating f tenNL is also appropriate for parameter  since the
parity odd TTE and the leading order of parity odd TEE,EEE are proportional to . Furthermore, these parity odd
bispectra can be also used to reconstruct Tα and Eα correlations. To do so, we should focus on the bispectra with
special multipole configurations. For instance, fixing l1 then b˜
TTE
l1l2l3
∼ CTαl2 and by setting l1 = const, l2 = l3 we have
the leading order of b˜EEEl1l2l3 ∼ CEαl2 . These work are based on the tricks of estimating the bispectra from CMB map and
we leave them in future. Beyond the current temperature and E polarization measurements, future observations of B
mode polarization from the experiments such as AliCPT [59], LiteBird [60], PICO [61] can enhance the detectability
of the Chern-Simons coupling theory.
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Appendix A: Gaussian integration by parts
Single scalar slow roll inflation theory predicts CMB temperature and polarization fields on sky sphere are Gaussian
distributed, in which case the statistics of CMB can be fully described by two point functions [62]. But if the random
field is not Gaussian distributed, generally there is no direct way to calculate the n-point correlation functions.
However as long as the n-point correlations are functions of multivariate Gaussian variables, we can use the Gaussian
integration by parts formula [55] to expand them into products of two point functions.
For centered multivariate Gaussian random vector x1, ..., xn , the formula are stated as
〈x1f(x1, ..., xn)〉 =
∑
i
〈x1xi〉 〈∂xif(x1, ..., xn)〉 (A1)
where f is the continuous functions of multiple gaussian variables. By choosing different form of the f function, we
can draw a lot of useful statistical formulae.
When f is exponent function of gaussian variable emx2 , m is a constant. We get
〈x1emx2〉 = 〈x1x2〉 〈memx2〉 = m〈x1x2〉em
2〈x22〉/2. (A2)
here we used the expectation of log-normal distribution 〈emx〉 = em2〈x2〉/2 [63]. Eq. (A2) is prepared for the following
derivations.
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In section. III, the two point function of rotated polarization fields is product of two unrotated CMB fields and the
exponent function of rotation angle δα. By setting f = x2e
mx3 , we will get corresponding expansion formula
〈x1x2emx3〉 = em
2〈x23〉/2 [〈x1x2〉+m2〈x1x3〉〈x2x3〉] , (A3)
Similarly in section. IV, rotated bispectra contains three unrotated CMB fields and exponent function of the
rotation angle δα. Then change f = x2x3e
mx4 , we get
〈x1x2x3emx4〉 = mem
2〈x24〉/2
[
〈x4x3〉〈x1x2〉+ 〈x4x2〉〈x1x3〉+ 〈x4x1〉〈x2x3〉+m2〈x4x1〉〈x4x2〉〈x4x3〉
]
= mem
2〈x24〉/2
[
〈x1x2x3x4〉+m2〈x4x1〉〈x4x2〉〈x4x3〉
]
. (A4)
We can also derive the expansion formula for the rotated trispectrum by setting f = x2x3x4e
mx5 , then
〈x1x2x3x4emx5〉 = 〈x1x2〉 〈x3x4emx5〉+ 〈x1x3〉 〈x2x4emx5〉+ 〈x1x4〉 〈x2x3emx5〉+m 〈x1x5〉 〈x2x3x4emx5〉
= em
2〈x25〉/2
[
〈x1x2x3x4〉+m2 〈x1x5〉 〈x2x3x4x5〉+m2 〈x1x2〉 〈x3x5〉 〈x4x5〉
+m2 〈x1x3〉 〈x2x5〉 〈x4x5〉+m2 〈x1x4〉 〈x2x5〉 〈x3x5〉+m4 〈x1x5〉 〈x2x5〉 〈x3x5〉 〈x4x5〉
]
.(A5)
the first term represent the case x5 is independent on the other variables.
Appendix B: Wigner D matrix, spin spherical harmonics
The simplification of formulae of rotated power spectra and bispectra used the properties of Wigner d matrix and
spin weighted spherical harmonics. Here we review these properties based on Refs. [64, 65].
For Wigner d matrix, it is related with Wigner D matrix as
Dlmm′(α, β, γ) = e
−imαdlmm′(β)e
−im′γ , 0 ≤ α ≤ 2pi, 0 ≤ β ≤ pi, 0 ≤ γ ≤ 2pi. (B1)
we have symmetries on the indices
dlmm′(β) = (−1)m−m
′
dl−m−m′(β) = (−1)m−m
′
dlm′m(β) = d
l
−m′−m(β), (B2)
the Wigner 3j(Clebsch-Gorden) expansion for the product of two Wigner d matrix
dl1m′1,m1
(β)dl2m′2,m2
(β) =
∑
l3,m3,m′3
(−1)m3+m′3(2l3 + 1)
(
l1 l2 l3
m′1 m
′
2 −m′3
)(
l1 l2 l3
m1 m2 −m3
)
dl3m′3,m3
(β), (B3)
For spin weighted spherical harmonic functions on the sphere , it is defined,
sYlm(θ, φ) =
√
2l + 1
4pi
Dl−sm(φ, θ, γ)e
isγ , l ≥ |s|. (B4)
here s is the spin number.
We can also expand product of two spin weighted spherical harmonics into the Wigner 3j symbols,
s1Y l1m1(nˆ)s2Y l2m2(nˆ) =
∑
l3m3s3
I−s1,−s2,−s3l1l2l3
(
l1 l2 l3
m1 m2 m3
)
s3Y
∗
l3m3(nˆ), (B5)
where Is1s2s3l1l2l3 is Wigner 3j symbols defined in Eq. (39).
We have used the weak version of the addition theorem of spin weighted spherical harmonics, in order to eliminate
effects of Tα correlations on power spectra and effects of Eα correlation on TTP bispectra,
l∑
m=−l
s1Y
∗
lm(θ, φ)s2Ylm(θ, φ) =
2l + 1
4pi
δss′ , (B6)
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this formula can be deduced from the unitary condition for Wigner D-matrix∑
m
Dl∗sm(α, β, γ)D
l
s′m(α, β, γ) = δss′ , (B7)
A lot of calculations in this work are attributed into the gaunt function Gm1m2m3l1l2l3 , the integration of product of
triple spherical harmonics over 2-d sphere,∫
dΩ s1Yl1m1(n)s2Yl2m2(n)s3Yl3m3(n) = I
−s1−s2−s3
l1l2l3
(
l1 l2 l3
m1 m2 m3
)
. (B8)
Appendix C: Wigner symbols
Due to Eq. (B8), integration of spin weighted harmonic is simplified into expressions of Wigner 3j symbols. We can
make further simplifications with the properties of Wigner 3j/6j symbols. The following formula are based on Ref.
[65], they are used in derivation of the PPP bispectra.
Wigner 3j symbols are related with the Clebsch-Gorden coefficients by
〈l1m1l2m2|l3m3〉 = (−1)l1−l2+m3
√
2l3 + 1
(
l1 l2 l3
m1 m2 −m3
)
(C1)
The symbols satisfy the selection rule and triangle conditions
|mi| ≤ li, i = 1, 2, 3; m1 +m2 = m3; |l2 − l3| ≤ l1 ≤ |l2 + l3|. (C2)
When two angular momenta are equal l1 = l2, Wigner 3j symbols simplifies(
l l 0
m −m 0
)
=
(−1)l−m√
2l + 1
, (C3)
Wigner 3j symbols satisfy the orthogonality relations∑
l3m3
(2l + 1)
(
l1 l2 l3
m1 m2 m3
)(
l1 l2 l3
m′1 m
′
2 m3
)
= δm1m′1δm2m′2
∑
m1m2
(
l1 l2 l3
m1 m2 m3
)(
l1 l2 l
′
3
m1 m2 m
′
3
)
=
1
2l3 + 1
δl3l′3δm3m′3 (C4)
Wigner 6j symbols are related with different coupling schemes of three angular momenta, consider
l1 + l2 = l3, l3 + l4 = l5,
l2 + l4 = l6, l1 + l6 = l5. (C5)
then Wigner 6j symbols are defined as
〈l1l2(l3)l4l5m5|l1, l2l4(l6)l5m5〉 = (−1)l1+l2+l4+l5
√
(2l3 + 1)(2l6 + 1)
{
l1 l2 l3
l4 l5 l6
}
(C6)
Eq. (C5) gives the triangle conditions for 6j symbols.
The 6j symbols can be also expressed by 3j symbols,∑
m4m5m6
(−1)l4−m4+l5−m5+l6−m6
(
l5 l1 l6
m5 −m1 −m6
)(
l6 l2 l4
m6 −m2 −m4
)(
l4 l3 l5
m4 −m3 −m5
)
=
(
l1 l2 l3
m1 m2 m3
){
l1 l2 l3
l4 l5 l6
}
(C7)
applying the orthogonality formula of 3j symbols to this equation, we obtain the summation formula,∑
l6
(2l6 + 1)(−1)l6−m6
(
l1 l5 l6
m1 m5 m6
)(
l6 l4 l2
−m6 m4 m2
){
l1 l2 l3
l4 l5 l6
}
=
∑
m3
(−1)l3−m3
(
l1 l2 l3
m1 m2 m3
)(
l3 l4 l5
−m3 m4 m5
)
(C8)
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Appendix D: simplification of integration over two directions
Eq. (B5) tell us the conjugate product of spin weighted spherical harmonic in Eqs. (31, 51) can be transformed into
ordinary spherical harmonics, hence the total integration can be simplified and attributed to the form of∫
dnˆ1
∫
dnˆ2 · Y ∗l1m1(nˆ1)Y l2m2(nˆ2)ekC
α(n1·n2), (D1)
here k is constant number. Apparently, the two direction are not separable in the integration and it seems no direct
way to simplify it. Note the integrand is symmetric on the two directions, we prove that the result is diagonal with
indices like ∫
dnˆ1
∫
dnˆ2 · Y ∗l1m1(nˆ1)Y l2m2(nˆ2)ekC
α(n1·n2) ∼ f(l1)δl1l2δm1m2 , (D2)
where f(l1) is sole function of l1. This is important, because this integration doesn’t depend on the indices m1,m2,
we can use the addition theorem of spherical harmonic to make average on m and hence get a more simplified result.
Proof : Our idea is to expand the exponent into series and analyze the results of arbitrary order. If Eq. (D2) is
valid for each order, then it is correct. In Taylor expansion, apply Eq. (33) and write the lengendre function into
product of spherical harmonics
ekC
α(n1·n2) = 1 + k
∑
LM
CααL YLM (n1)Y
∗
LM (n2) + ...+
kn
n!
i=n∑
LiMi,i=1
n∏
i=1
CααLi YLiMi(n1)Y
∗
LiMi(n2) + ... (D3)
The integration with first two order can be calculated analytically. Corresponding results are
4piδl1l2δm1m2 , kC
αα
l1 δl1l2δm1m2 . (D4)
Obviously results of first two order are consistent with Eq. (D2).
For arbitrary order check, because the n-th expansion contains product of 2n spherical harmonics, we first use Eq.
(B5) to transform two harmonic into one. For example,
ekC
α(n1·n2)(n) =
kn
n!
2∑
LiMi,i=1
CααL1 C
αα
L2
︷ ︸︸ ︷
YL1M1(n1)YL2M2(n1)Y
∗
L1M1(n2)Y
∗
L2M2(n2)︸ ︷︷ ︸
n∑
LiMi,i=3
n∏
i=3
CααLi YLiMi(n1)Y
∗
LiMi(n2)
=
kn
n!
2∑
Li,i=1
CααL1 C
αα
L2
∑
L′2M
′
2
∑
L′′2M
′′
2
I000L1L2L′2I
000
L1L2L′′2
2∑
Mi,i=1
(
L1 L2 L
′
2
M1 M2 M
′
2
)(
L1 L2 L
′′
2
−M1 −M2 M ′′2
)
×(−1)M1+M2+M ′2YL′2−M ′2(n1)Y ∗L′′2M ′′2 (n2)
n∑
LiMi,i=3
n∏
i=3
CααLi YLiMi(n1)Y
∗
LiMi(n2),
=
kn
n!
2∑
Li,i=1
CααL1 C
αα
L2
∑
L′2M
′
2
fL1L2L′2YL′2M ′2(n1)Y
∗
L′2M
′
2
(n2)
n∑
LiMi,i=3
n∏
i=3
CααLi YLiMi(n1)Y
∗
LiMi(n2), (D5)
where fL1L2L′2 = (−1)L1+L2+L
′
2(I000L1L2L′2
)2/(2L′2 + 1). The last step used the orthogonality relation of Wigner 3j
symbol. Repeat this procedure until there left only two spherical harmonics, we have
ekC
α(n1·n2)(n) =
kn
n!
n∑
Li,i=1
n∏
i=1
CααLi
n∑
L′i,i=2
n∏
i=2
fL′i−1LiL′i
∑
M ′n
YL′nM ′n(n1)Y
∗
L′nM ′n
(n2), (D6)
where we set L′1 = L1 and fL′i−1LiL′i = (−1)L
′
i−1+Li+L
′
i(I000L′i−1LiL′i
)2/(2L′i + 1).
Substitute the reduced n-th expansion Eq. (D6) into Eq. (D1), from the orthogonality of spherical harmonics one
directly obtain, ∫
dnˆ1
∫
dnˆ2 · Y ∗l1m1(nˆ1)Y l2m2(nˆ2)ekC
α(n1·n2)(n)
=
kn
n!
n∑
Li,i=1
n∏
i=1
CααLi
n∑
L′i,i=2
n∏
i=2
fL′i−1LiL′iδL′nl1δl1l2δm1m2 . (D7)
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since fL′i−1LiL′i doesn’t depend on the indices m so Eq. (D2) is valid for arbitrary order of the exponent. Hence (D2)
is proved.
Although we get the explicit result for arbitrary order expansion, the summation of all order results is not easy to
calculate. Nevertheless, since the integration is equal for every −l1 ≤ m1 ≤ l1, we make average over m and use the
addition theorem of spherical harmonics,∫
dnˆ1
∫
dnˆ2 · Y ∗l1m1(nˆ1)Yl2m2(nˆ2)ekC
α(n1·n2)
=
1
2l1 + 1
l1∑
m1=−l1
∫
dnˆ1
∫
dnˆ2 · Y ∗l1m1(nˆ1)Y l1m1(nˆ2)ekC
α(n1·n2)δl1l2δm1m2
=
1
4pi
∫
dnˆ1
∫
dnˆ2 · Pl1(n1 · n2)ekC
α(n1·n2)δl1l2δm1m2
= 2pi
∫ pi
0
sinβdβ Pl1(cosβ)e
kCα(β)δl1l2δm1m2 . (D8)
where cosβ = n1 · n2. The last step is calculated by choosing n1 ‖ z.
Based on Eq. (D8), we solved integration containing more spin weighted spherical harmonics functions∑
q
∫
dnˆ1
∫
dnˆ2 · s1Y ∗pq(nˆ1)s2Y pq(nˆ2)s1Y l1m1(nˆ1)s2Y ∗l2m2(nˆ2)eC
α(n1·n2)
=
(2p+ 1)
2
∫
d cosβ · dps1s2(β)dl1s1s2(β)eC
α(β)δl1l2δm1m2 , (D9)∑
q1q2
∫
dnˆ1
∫
dnˆ2 · s1Y ∗p1q1(nˆ1)s2Y p1q1(nˆ2)s3Y ∗p2q2(nˆ1)s4Y p2q2(nˆ2)s1+s3Y l1m1(nˆ1)s2+s4Y ∗l2m2(nˆ2)eC
α(n1·n2)
=
(2p1 + 1)(2p2 + 1)
8pi
∫
d cosβdp1s1,s2(β)d
p2
s3,s4(β)d
l1
s1+s3,s2+s4(β)e
Cα(β)δl1l2δm1m2 ., (D10)
where we used two wigner 3j expansion formulae for Wigner d matrix and spin weighted spherical harmonics.
Appendix E: Leading order approximations of reduced bispectra
The polarization rotation angles are constrained to be small, hence it is more convenient to analyze the rotated
bispectra from their leading order approximations rather than from the long and cumbersome expressions listed in
section. IV. Under the approximate condition Eq. (57), using the tricks on appendices. (B, C) we get the leading order
approximations for TPP bispectra (53, 55, 56)
b˜TEEl1l2l3 ≈ −Elsum4α¯h−1l1l2l3
[
CTEl1
(
I0−22l2l3l1C
Eα
l2 + I
0−22
l3l2l1
CEαl3
)
+ I0−22l1l2l3C
Tα
l1
(
CEEl3 + C
EE
l2
) ]
+iOlsum2h−1l1l2l3
[
CTEl1
(
I0−22l2l3l1C
Eα
l2 − I0−22l3l2l1CEαl3
)
+ I0−22l1l2l3C
Tα
l1
(
CEEl3 − CEEl2
) ]
,
b˜TEBl1l2l3 ≈ Elsum2h−1l1l2l3
(
I0−22l2l3l1C
TE
l1 C
Eα
l2 + I
0−22
l1l3l2
CTαl1 C
EE
l2
)
+iOlsum4α¯h−1l1l2l3
[
CTEl1
(
I0−22l2l3l1C
Eα
l2 − I0−22l3l2l1CEαl3
)
+ I0−22l1l2l3C
Tα
l1
(
CEEl3 − CEEl2
) ]
,
b˜TBBl1l2l3 ≈ Elsum4α¯h−1l1l2l3
[
CTEl1
(
I0−22l2l3l1C
Eα
l2 + I
0−22
l3l2l1
CEαl3
)
+ I0−22l1l2l3C
Tα
l1
(
CEEl3 + C
EE
l2
) ]
+iOlsumh−1l1l2l3
{
2α¯2
[
CTEl1
(
I0−22l2l3l1C
Eα
l2 − I0−22l3l2l1CTEl1 CEαl3
)
+ I0−22l1l2l3C
Tα
l1
(
CEEl3 − CEEl2
) ]
+4CTαl1 I
0−22
l1l2l3
2∑
Li,i=1
CEαL1 C
Eα
L2
[
I20−2L1L2l3I
0−22
L1L2l3
(
1 + (−1)L1+L2+l3)
2l3 + 1
−I
20−2
L1L2l2
I0−22L1L2l2
(
1 + (−1)L1+L2+l2)
2l2 + 1
]}
, (E1)
22
Similarly we have the leading order approximated results for PPP bispectra (64), (68), (69), and (70),
b˜EEEl1l2l3 ≈ −Elsum4α¯h−1l1l2l3I0−22l3l1l2CEEl2 CEαl3 + iOlsum2h−1l1l2l3I0−22l3l1l2CEEl2 CEαl3 + (5 perms),
b˜EEBl1l2l3 ≈ iOlsum4α¯h−1l1l2l3
[
I0−22l3l1l2C
EE
l2 C
Eα
l3 − I0−22l1l3l2CEEl2 CEαl1 − I0−22l2l1l3CEEl3 CEαl2
]
+Elsum2h−1l1l2l3I0−22l1l3l2CEEl2 CEαl1 + (l1 ↔ l2),
b˜EBBl1l2l3 ≈ Elsum4α¯h−1l1l2l3
[
I0−22l3l2l1C
EE
l1 C
Eα
l3 + I
0−22
l1l3l2
CEEl2 C
Eα
l1
]
+iOlsum8α¯2h−1l1l2l3
[
I0−22l3l1l2C
EE
l2 C
Eα
l3 − I0−22l3l2l1CEEl1 CEαl3 − I0−22l1l3l2CEEl2 CEαl1
]
+iOlsum8h−1l1l2l3
∑
L2L3L1
(−1)L1+L2+L3
{
l1 l2 l3
L2 L3 L1
}[
−I0−22L3L1l1I0−22L2L1l2I0−22L2L3l3OL3L1l1EL2L1l2EL2L3l3CEEL1 CααL2 CEαL3
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]
+ (l2 ↔ l3),
b˜BBBl1l2l3 ≈ Elsum8α¯2h−1l1l2l3I0−22l3l1l2CEEl2 CEαl3 + iOlsum16α¯3h−1l1l2l3I0−22l3l1l2CEEl2 CEαl3
+Elsum8h−1l1l2l3
∑
L2L3L1
{
l1 l2 l3
L2 L3 L1
}
(−1)L1+L2+L3
[
I0−22L3L1l1I
0−22
L2L1l2
I0−22L2L3l3EL3L1l1EL2L1l2EL2L3l3
+
1
6
(
I0−22L3L1l1I
0−22
L1L2l2
I0−22L2L3l3EL3L1l1EL1L2l2EL2L3l3
+I0−22L1L3l1I
0−22
L3L2l3
I0−22L2L1l2EL1L3l1EL3L2l3EL2L1l2
)
CEαL1 C
Eα
L2 C
Eα
L3
]
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